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Small-scale helicopters are very attractive for a wide range of civilian and military applications due to
their unique features. However, the autonomous ﬂight for small helicopters is quite challenging
because they are naturally unstable, have strong nonlinearities and couplings, and are very susceptible
to wind and small structural variations.
A nonlinear optimal control scheme is proposed to address these issues. It consists of a nonlinear
model predictive controller (MPC) and a nonlinear disturbance observer. First, an analytical solution of
the MPC is developed based on the nominal model under the assumption that all disturbances are
measurable. Then, a nonlinear disturbance observer is designed to estimate the inﬂuence of the
external force/torque introduced by wind turbulences, unmodelled dynamics and variations of the
helicopter dynamics. The global asymptotic stability of the composite controller has been established
through stability analysis. Flight tests including hovering under wind gust and performing very
challenging pirouette have been carried out to demonstrate the performance of the proposed control
scheme.
& 2011 Elsevier Ltd. Open access under CC BY license.1. Introduction
Micro-aerial vehicles (MAV) have received a considerable atten-
tion and development for several decades. Among them vertical
take-off and landing (VTOL) vehicles, represented by helicopter-like
vehicles, have become more and more popular due to their
abilities to hover, ﬂight at very low altitudes and speeds, and
perform complicated manoeuvres. Recent technologies, ranging
from design and modelling (Pounds, Mahony, & Corke, 2010;
Schafroth, Bermes, Bouabdallah, & Siegwart, 2010), ﬂight control
(Naldi, Gentili, Marconi, & Sala, 2010) and navigation (Bristeau,
Dorveaux, Vissiere, & Petit, 2010; Courbon, Mezouar, Gue´nard, &
Martinet, 2010), have largely improved their capabilities and
brought them into even broader military and civil applications.
However, there are still many practical challenges waiting to be
satisfactorily solved, for example the complicated dynamics and
poorly known model for MAVs and the real-time implementation
of control. This paper tries to provide a unique solution to these
problems by introducing a disturbance observer based control
framework for helicopter tracking control.en@lboro.ac.uk (W.-H. Chen),
cense.To achieve a good tracking performance, this paper adopts a
model predictive control (MPC) strategy. It is known that the MPC
strategy uses a model to predict the future behaviour of a plant, then
an optimal control decision can be made based on optimisation
according to the prediction (Mayne, Rawlings, Rao, & Scokaert, 2000).
This ‘‘foresee’’ feature of MPC makes it a suitable control strategy for
autonomous vehicles. Especially for the trajectory tracking problem,
the MPC can take into account the future value of the reference to
improve the performance in the sense that not only the current
tracking error can be suppressed but also the future errors.
The MPC technique generally requires the solution of an
optimisation problem (OP) at every sampling instant. This poses
an obstacle on the real-time implementation due to the heavy
computational burden. The associated low bandwidth and compu-
tational delay make it very difﬁcult to meet the control requirement
for systems with fast dynamics such as helicopters (Kim, Shim, &
Sastry, 2005; Liu, Chen, & Andrews, 2011; Shim, Kim, & Sastry,
2003). Moreover, the formulated nonlinear OP has to be solved by a
dedicated ﬂight computer, which means extra payload and power
consumption. To avoid online optimisation, an explicit nonlinear
MPC (ENMPC) is adopted and tailored for autonomous helicopters.
Unlike the other popular explicit MPC techniques that focus on
linear systems (Bemporad, Morari, Dua, & Pistikopoulos, 2002;
Tondel, Johansen, & Bemporad, 2003), the proposed algorithm
tackles the nonlinear dynamics of helicopters. An analytical solution
to the nonlinear MPC can be found by approximating the tracking
Fig. 1. Helicopter frame.
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expansion to a speciﬁed order, and consequently the closed form
controller can be formulated without online optimisation (Chen,
Ballance, & Gawthrop, 2003). An alternative approach is to develop
fast MPC, for example Diehl et al. (2002).
In addition to the control method, there are practical issues in
controlling small-scale helicopters from an engineering point of
view. It is known that the control performances of MPC, or other
model based control technologies, rely heavily on the quality of
the model. However, a model of high accuracy of a helicopter is
difﬁcult to obtain due to the complicated aerodynamics of its rotor
system. On the other hand, due to their light-weight structure,
small-scale helicopters are more likely to be affected by wind gusts
and other disturbances than their full size counterpart. The physical
parameters such as mass and moments of inertia can also be easily
altered by changing the payload and its location. All of these factors
compromise the actual performance of the control design based on
the nominal model.
Robust control techniques have been used in handling the
parametric uncertainty and unmodelled dynamics (La Civita,
Papageorgiou, Messner, & Kanade, 2006; Marconi & Naldi, 2007).
Although satisfactory performance has been demonstrated,
robust control is known to result in conservative solutions and
presents trade-offs between performance and robustness. Adap-
tive control also shows promising results on controlling autono-
mous helicopters in the presence of uncertainties (Johnson &
Kannan, 2005; Krupadanam, Annaswamy, & Mangoubi, 2002).
This kind of controller usually has complicated structures and are
of very high order. Other methods to compensate for wind
disturbances are also available such as Bogdanov and Wan
(2007) where the authors provide a method of calculating the
trim control by exploiting a detailed helicopter model. However,
this method needs either an estimate or direct measurement of
wind conditions.
To enhance the performance of ENMPC in a complex opera-
tional environment, this paper advocates a disturbance observer
based control (DOBC) approach (Chen, Ballance, Gawthrop, &
O’Reilly, 2000). As the estimates of disturbances are provided,
the control system can explicitly take them into account and
compensate them. The advantage of the DOBC is that it preserves
the tracking and other properties of the original baseline control
while being able to compensate disturbances rather than resort-
ing to a different control strategy.
To design a disturbance observer augmented ENMPC for
autonomous helicopters, two problems need to be addressed,
namely, designing the nonlinear disturbance observer to estimate
the disturbances, and integrating the disturbance information
into the ENMPC to compensate their inﬂuences. To this end,
another contribution of this paper lies in the synthesis of the
ENMPC and DOBC by exploiting the helicopter model structure.
The disturbances are assumed to exist in certain channels of the
helicopter where the coupling terms can also be lumped into
disturbance terms. In this way an ENMPC is derived under the
assumption that all the disturbances are measurable and then
these disturbances are replaced by their estimates provided by
the proposed disturbance observers. On the other hand, the
lumped disturbance terms simplify the model structure allowing
the derivation of an ENMPC for helicopters. The global asymptotic
stability of the proposed composite control has also been estab-
lished through the stability analysis.
The remaining part of this paper is organised as follows: Section
2 presents the mathematical model of a small-scale helicopters with
disturbances in consideration; in Section 3 the algorithm of ENMPC
and its implementation on the helicopter are discussed in detail;
Section 4 introduces the design procedure of the nonlinear distur-
bance observer; stability analysis of the composite controller iscarried out in Section 5; Section 6 provides some simulation and
ﬂight experiment results, followed by conclusions in Section 7.2. Helicopter modelling
A helicopter is a highly nonlinear system with multiple-
inputs–multiple-outputs (MIMO) and complex internal couplings.
A detailed model taking into account the ﬂexibility of the fuselage
and rotors usually results in a large number of degrees-of-free-
dom (Hefﬂey & Mnich, 1988). The complexity of such a model
would make the system identiﬁcation much more difﬁcult.
A practical way to deal with this issue is to capture the primary
helicopter dynamics by a six-degrees-of-freedom rigid-body
model augmented with a simpliﬁed rotor dynamics model and
treat the other trivial factors that affect dynamics as uncertainties
or disturbances (Mettler, Tischler, & Kanade, 2002; Gavrilets,
Mettler, & Feron, 2001). To this end, a body reference frame
denoted by B¼ fxb,yb,zbg is established with respect to the inertial
coordinate I ¼ fe1,e2,e3g as shown in Fig. 1, where P¼ ½x y zT
represents the helicopter’s inertial position, V ¼ ½u v wT is the
inertia velocity expressed in three body axes, O¼ ½p q rT are
angular rates, andY¼ ½f y cT are attitude angles. The rigid-body
dynamics of the helicopter can be expressed as
_P ¼RðYÞV ð1aÞ
_V ¼O VþgRðYÞTe3þF ð1bÞ
_Y ¼QðYÞO ð1cÞ
_O ¼I1O IOþG ð1dÞ
where g is the acceleration due to a gravity, F is the external forces
normalised by the vehicle mass m and expressed in the body-
ﬁxed frame, I is the diagonal inertia matrix, and G is the normal-
ised external torques expressed in the body ﬁxed frame. The
rotation matrix R and the attitude kinematic matrix Q are
deﬁned, respectively, as
RðYÞ ¼
cycc sfsycccfsc cfsyccþsfsc
cysc sfsyscþcfcc cfsyscsfcc
sy sfcy cfcy
2
64
3
75
QðYÞ ¼
1 sfty cftf
0 cf sf
0 sf=sy cf=sy
2
64
3
75 ð2Þ
where the compact notation c denotes for cosðÞ, s for sinðÞ and t
for tanðÞ.
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aircraft depending on how the external forces and torques are
formulated. For a VTOL vehicle like a helicopter, it is known that
the dominating force is the thrust of the main rotor along the
zb-axis (Bristeau et al., 2010; Naldi et al., 2010; Pounds et al.,
2010). However, the external force F used in this paper is modiﬁed
by taking into account other force contributions as disturbances,
such that
F ¼ ½0 0 TTþ½dx dy dzT ð3Þ
where T is the normalised main rotor thrust controlled by
collective pitch dcol, as T ¼gþZwwþZcoldcol, and ðdx,dy,dzÞ are
normalised force disturbances that include external wind gusts,
internal couplings and unmodelled dynamics. These force dis-
turbances directly affect the translational dynamics and result in
tracking error. As the force disturbances are not in the channels of
control inputs, they are called ‘‘mis-matched’’ disturbances. This
modiﬁcation on one hand increases the valid range of the model
compared to simpliﬁed helicopter models for control design that
neglect all other forces other than the main thrust (Marconi &
Naldi, 2007; Raptis, Valavanis, & Moreno, 2010). On the other
hand, it reduces the workload of deriving the ENMPC for heli-
copters as different forces are lumped into one term.
In rotation dynamics, the torques exerted on a helicopter are
generated by the ﬂapping of the main rotor and the trust of the
tail rotor, such that
G¼
LaaþLbb
MaaþMbb
NrrþNcoldcolþNpeddped
2
64
3
75 ð4Þ
where a and b are ﬂapping angles to depict the ﬂapping of the
main rotor along the longitudinal and lateral axis, respectively,
dped is the input of the tail rotor, and the other parameters in the
model are the stability and control derivatives, whose values for
the helicopter can be obtained by system identiﬁcation. The
ﬂapping angles a and b of the main rotor are originally controlled
by lateral and longitudinal cyclic dlat and dlon. Their relationship
can be approximated by the steady state dynamics of the main
rotor (Bogdanov & Wan, 2007):
a¼tqþAlatdlatþAlondlon
b¼tpþBlatdlatþBlondlon ð5Þ
Apart from force disturbances, small-scale helicopters also
subject to structural uncertainties and are vulnerable to physical
alterations like payload change. These factors are commonly
ignored in the control design, as they can be compensated by
setting control trims in the implementation. To avoid the trim-
ming process in real life operations, we consider trim errors in the
attitude control channel as disturbances. Thereby, combining
(4) and (5), a modiﬁed torque input can be expressed as
G¼
tðLaqþLbpÞ
tðMaqþMbpÞ
NprþNrrþNcoldcol
2
64
3
75þ
LlatðdlatþdlatÞþLlonðdlonþdlonÞ
MlatðdlatþdlatÞþMlonðdlonþdlatÞ
NpedðdpedþdpedÞ
2
64
3
75
ð6Þ
where
Llat ¼ LaAlatþLbBlat , Mlat ¼MaAlatþMbBlat
Llon ¼ LaAlonþLbBlon, Mlon ¼MaAlonþMbBlon ð7Þ
and dlat, dlon and dped account for the different trim errors.
Since they are combined into the angular dynamics and affectthe angular rates directly, they can be considered as torque
disturbances.
The modiﬁed helicopter model obtained by combining (1),
(3) and (6) can be expressed in a general afﬁne form:
_x ¼ f ðxÞþg1ðxÞuþg2ðxÞd
y¼ hðxÞ ð8Þ
where x¼ ½PT VT YT OT T is the helicopter state, y is the output
of helicopter, u¼ ½dlat dlon dcol dpedT is the control input, and
d¼ ½dx dy dz dlat dlon dpedT is the lumped disturbance acting on
the helicopter. In the trajectory tracking control of an autono-
mous helicopter, the outputs of interest are the position and
heading angle. Thus, y¼ ½x y z cT .3. Explicit nonlinear MPC with disturbances
Trajectory tracking is a basic function required by an auton-
omous helicopter. To this end, we need to design a controller such
that the output yðtÞ of the helicopter (8) tracks the prescribed
reference wðtÞ. In the MPC strategy, tracking control can be
achieved by minimising a receding horizon performance index
(Rawlings & Mayne, 2009):
J¼ 1
2
Z T
0
ðy^ðtþtÞwðtþtÞÞTQ ðy^ðtþtÞwðtþtÞÞ dt ð9Þ
where the weighting matrix Q ¼ diagfq1,q2,q3,q4g, qi40, i¼
1,2,3,4. Note that the hatted variables belong to the prediction
time frame.
The conventional MPC algorithm requires the solution of an OP
at every sampling instant to obtain the control signals. To avoid
the computationally intensive online optimisation, we adopt an
explicit solution for the nonlinear MPC problem based on the
approximation of the tracking error in the receding prediction
horizon (Chen et al., 2003).
3.1. Output approximation
For a nonlinear MIMO system, it is well known that after
differentiating the outputs for a speciﬁc number of times, the
control inputs appear in the expressions. The number of times for
the differentiation is deﬁned as the relative degree. For a helicop-
ter with four outputs and four inputs, the relative degree is a
vector, r¼ ½r1 r2 r3 r4. By continuous differentiation of the
output after the control input appears, the derivatives of the
control input appear, where the number of the input derivatives r
is deﬁned as control order.
Since the helicopter model has different relative degrees, the
control order r is ﬁrst speciﬁed in the controller design. The ith
output of the helicopter in the receding horizon can be approxi-
mated by its Taylor series expansion up to order riþr:
y^iðtþtÞ  yiðtÞþt _yiðtÞþ    þ
trþri
ðrþriÞ!
y
½rþri 
i ðtÞ
¼ 1 t    t
rþri
ðrþriÞ!
 
 ½yiðtÞ _yiðtÞ    y½rþri i ðtÞT , 0rtrT
ð10Þ
where i¼1,2,3,4. For each channel in the output matrix, the
control orders r are the same and can be decided during the
control design, whereas the relative degrees ri are different but
determined by the helicopter model structure. The approximation
of the overall outputs of the helicopter can be cast in a matrix
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Y i ¼ ½yiðtÞ _yiðtÞ    y½ri1i T , i¼ 1;2,3;4 ð12Þ
~Y i ¼ ½y½r1þ i11 y
½r2þ i1
2    y
½r4þ i1
4 T , i¼ 1, . . . ,rþ1 ð13Þ
ti ¼ 1 t   
tri1
ðri1Þ!
 
, i¼ 1;2,3;4 ð14Þ
and
~t ¼ diag t
r1þ i1
ðr1þ i1Þ!
   t
r4þ i1
ðr4þ i1Þ!
 
ð15Þ
It can be observed from Eq. (11) that the prediction of the
helicopter output y^ðtþtÞ, 0rtrT, in the receding horizon needs
the derivatives of each output of the helicopter up to rþri order
at time instant t. Except for the output yðtÞ itself that can be
directly measured, the other derivatives have to be derived based
on the input–output linearisation of the helicopter model (8) (Koo
& Sastry, 1998). During this process the control input will appear
in the ri th derivatives, where i¼1,2,3,4.
The ﬁrst derivatives can be obtained from the helicopter’s
kinematic model:
½ _y1 _y2 _y3T ¼ _P ¼RV ð16Þ
_y4 ¼ _c ¼ q sin f sec yþr cos f sec y ð17Þ
Differentiating (16) and (17) and substituting the helicopter
dynamics (1b) yields the second derivatives:
½ €y1 €y2 €y3T ¼ €P ¼RFþge3 ð18Þ
and
€y4 ¼ €c ¼N €cþLlat
sin f
cos y
ðdlatþdlatÞþLlon
sin f
cos y
ðdlonþdlonÞ
þNped
cos f
cos y
ðdpedþdpedÞ ð19Þ
where
N €c ¼ q
cos f
cos y
_fþq sin f sin y
cos2y
_yr sin f
cos y
_fþr cos f sin y
cos2y
_y
Lpq
sin f
cos y
þNr
cos f
cos y
rþNcol
cos f
cos y
dcol ð20Þ
Note that although the control input dcol appears in (18) in T, the
other control inputs do not, so we have to continue differentiating
the ﬁrst three outputs. To facilitate the derivation, we adopt
the relationship _R ¼R  SkðOÞ by using skew-symmetric matrix
SkðOÞAR33:
SkðOÞ ¼
0 r q
r 0 p
q p 0
2
64
3
75 ð21ÞThus, the third and fourth derivatives of the position output can
be written as
½y½31 y½32 y½33 T ¼ P½3 ¼R  SkðOÞFþR  ðZw _wþZcol _dcolÞ  e3 ð22Þ
and
½y½41 y½42 y½43 T ¼ P½4 ¼R  SkðOÞ  SkðOÞFþ2R  SkðOÞ
ðZw _wþZcol _dcolÞ  e3þR
NrrdyMpqðTþdzÞ
NrrdxþLpqðTþdzÞ
MpqdxLpqdyþZw €w
2
64
3
75
þAðx,dÞ½dlatþdlat dlonþdlon €dcol dpedþdpedT ð23Þ
where
Lpq ¼ qrðIyyIzzÞ=IxxþtðLaqþLbpÞ
Mpq ¼ prðIzzIxxÞ=IyyþtðMaqþMbpÞ ð24Þ
and
Aðx,dÞ ¼R 
MlatðTþdzÞ MlonðTþdzÞ 0 Npeddy
LlatðTþdzÞ LlonðTþdzÞ 0 Npeddx
MlatdxþLlatdy MlondxþLlondy Zcol 0
2
64
3
75
ð25Þ
At this stage, the control inputs explicitly appear in (23). There-
fore, the vector relative degree for the helicopter is r¼ ½4 4 4 2.
Note that in the formulation of (23) €dcol is the new control input,
whereas dcol and _dcol are treated as the states which can be
obtained by adding integrators. This procedure is known as
achieving relative degree through dynamics extension (Isidori,
1995).
By invoking (16)–(22), we can now construct matrix Y i,
i¼ 1;2,3;4. However, in order to ﬁnd the elements in ~Y i, i¼
1;2, . . . ,rþ1, further manipulation is required. By combining (19)
and (23) and utilising the Lie notation (Isidori, 1995), we have:
~Y 1 ¼
y
½r1 
1
y
½r2 
2
y
½r3 
3
y
½r4 
4
2
666664
3
777775¼
x½4
y½4
z½4
c½2
2
66664
3
77775¼
L
r1
f h1ðx,dÞ
L
r2
f h2ðx,dÞ
L
r3
f h3ðx,dÞ
L
r4
f h4ðx,dÞ
2
6666664
3
7777775þAðx,dÞ
~u ð26Þ
where ~u ¼ ½dlatþdlat dlonþdlon €dcol dpedþdpedT , nonlinear terms
L
ri
f hiðx,dÞ, i¼ 1;2,3;4, can be found in the previous derivation, and
Aðx,dÞ ¼
Aðx,dÞ
Aðx,dÞ
" #
ð27Þ
where Aðx,dÞ is given in Eq. (25) and
Aðx,dÞ ¼ Llat
sin f
cos y
Llon
sin f
cos y
0 Nped
cos f
cos y
 
ð28Þ
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the substitution of the system’s dynamics gives the higher
derivatives of the output ~Y i, i¼ 1;2, . . . ,r:
~Y iþ1 ¼
y
½r1þ i
1
y
½r2þ i
2
y
½r3þ i
3
y
½r4þ i
4
2
6666664
3
7777775¼
L
r1þ i
f h1ðxÞ
L
r2þ i
f h2ðxÞ
L
r3þ i
f h3ðxÞ
L
r4þ i
f h4ðxÞ
2
66666664
3
77777775
þAðx,dÞ ~u ½i þpiðx, ~u, ~u ½1, . . . , ~u ½iÞ
ð29Þ
where piðx, ~u, . . . , ~u ½iÞ is a nonlinear vector function of x and ~u ½i.
So far by exploiting the helicopter model, the elements to
construct Y and ~Y in Eq. (11) are available. Therefore, the output
of the helicopter in the future horizon yðtþtÞ can be expressed by
its Taylor expansion in a generalised linear form with respect to
the prediction time t and current states as shown in Eq. (11).
In the same fashion as in Eq. (11), the reference in the receding
horizon wðtþtÞ, 0rtrT can also be approximated by
wðtþtÞ ¼
w1ðtþtÞ
w2ðtþtÞ
w3ðtþtÞ
w4ðtþtÞ
2
66664
3
77775
¼ ½Tf Ts½W 1ðtÞT    W 4ðtÞT9 ~W 1ðtÞT    ~Wrþ1ðtÞT T
ð30Þ
where
Tf ¼
t1    01r4
^ & ^
01r1    t4
2
64
3
75, Ts ¼ ½ ~t1    ~trþ1 ð31Þ
and the construction of WiðtÞ, i¼ 1;2,3;4, and ~Wi, i¼ 1, . . . ,rþ1,
can refer to the structure of Y iðtÞ and ~Y i, respectively.Fig. 2. ENMPC structure.3.2. Explicit nonlinear MPC solution
The conventional MPC solves a formulated optimisation pro-
blem to generate the control signal, where the performance index
is minimised with respect to the future control input over the
prediction horizon. In this paper, after the output is approximated
by its Taylor expansion, the control proﬁle can be deﬁned as
~uðtþtÞ ¼ ~uðtÞþt ~u ½1ðtÞþ    þ t
r
r!
~u ½rðtÞ, 0rtrT ð32Þ
Thereby, the helicopter outputs depend on the control variables
u ¼ f ~u, ~u ½1, . . . , ~u ½rg.
Recalling the performance index (9) and the output and refer-
ence approximation (11) and (30), we have
J¼ 1
2
ðY ðtÞW ðtÞÞT
T 1 T 2
T T2 T 3
" #
ðY ðtÞW ðtÞÞ ð33Þ
where
Y ðtÞ ¼ ½Y 1ðtÞT    Y 4ðtÞT9 ~Y 1ðtÞT    ~Y rðtÞT T ð34Þ
W ðtÞ ¼ ½W 1ðtÞT    W 4ðtÞT9 ~W 1ðtÞT    ~Wrþ1ðtÞT T ð35Þ
T 1 ¼
Z T
0
TTf QTf dt, T 2 ¼
Z T
0
TTf QTs dt, T 3 ¼
Z T
0
TTs QTs dt ð36Þ
Therefore, instead of minimising the performance index (9) with
respect to control proﬁle uðtþtÞ, 0otoT directly, we can mini-
mise the approximated index (33) with respect to u, where thenecessary condition for the optimality is given by
@J
@u
¼ 0 ð37Þ
After solving the nonlinear equation (37), we can obtain the optimal
control variables un to construct the optimal control proﬁle deﬁned
by Eq. (32). As in MPC only the current control in the control proﬁle
is implemented, the explicit solution is ~un ¼ ~uðtþtÞ, for t¼ 0. The
resulting controller is given by
~un ¼Aðx,dÞ1ðKMrþM1Þ ð38Þ
where KAR4ðr1þþr4Þ is the ﬁrst four row of the matrix
T 13 T T2AR4ðrþ1Þðr1þþr4Þ where the ijth block of T 2 is a ri  4
matrix, and all its elements are zeros except the ith column is
given by
qi
Triþ j
ðriþ j1Þ!ðriþ jÞ
   qi
T2riþ j1
ðriþ j1Þ!ðri1Þ!ð2riþ j1Þ
" #T
ð39Þ
for i¼ 1;2,3;4 and j¼ 1;2, . . . ,rþ1, and ijth block of T 3 is given by
diag q1
T2r1þ iþ j1
ðr1þ i1Þ!ðr1þ j1Þ!ð2r1þ iþ j1Þ
,
(
. . . ,q4
T2r4þ iþ j1
ðr4þ i1Þ!ðr4þ j1Þ!ð2r4þ iþ j1Þ
)
ð40Þ
for i,j¼ 1;2, . . . ,rþ1; the matrixMrARr1þþr4 and matrixMiAR4
are deﬁned as
Mr ¼
Y 1ðtÞT
^
Y 4ðtÞT
2
64
3
75 W 1ðtÞ
T
^
W 4ðtÞT
2
64
3
75 ð41Þ
and
Mi ¼
L
r1þ i1
f h1ðtÞ
L
r2þ i1
f h2ðtÞ
^
L
r4þ i1
f h4ðtÞ
2
6666664
3
7777775
~WiðtÞT , i¼ 1;2, . . . ,rþ1 ð42Þ
The detailed derivation of control law (38) and the closed-loop
stability can refer to Chen et al. (2003). The overall controller
structure is shown in Fig. 2.
Information of disturbances are preserved in the controller to
eliminate their inﬂuences. If the disturbance terms are set to zero,
the controller is equivalent to that designed using the nominal
model. In order to implement the above control strategy, the
disturbances must be available which is unrealistic for a helicop-
ter ﬂight. The next section will introduce a nonlinear disturbance
observer to estimate these unavailable disturbances.
Fig. 3. Composite controller structure.
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4.1. Disturbance observer
For a system such as a small-scale helicopter, precisely
modelling its dynamics or directly measuring the disturbances
acting on it is very difﬁcult. However, the disturbance observer
technique provides an alternative approach. In this section, we
introduce a nonlinear disturbance observer to estimate the
lumped unknown disturbances d in the general form of helicopter
model (8). The disturbance observer is given by (Chen, 2004)
d^ ¼ zþpðxÞ
_z ¼lðxÞg2ðxÞzlðxÞðg2ðxÞpðxÞþ f ðxÞþg1ðxÞuÞ ð43Þ
where x and u are state and input for the original system,
respectively, d^ is the estimated disturbances, z is the internal
state of the nonlinear observer, p(x) is a nonlinear function to be
designed, and l(x) is the nonlinear observer gain which can be
designed by
lðxÞ ¼ @pðxÞ
@x
ð44Þ
In this observer, the estimation error is deﬁned as ed ¼ dd^.
Under the assumption that the disturbance varies slowly com-
pared to the observer dynamics, i.e. _d  0, and by combining
Eqs. (43) and (44) and Eq. (8), it can be shown that the estimation
error has the following property:
_ed ¼ _d _^d ¼_z _pðxÞ
¼_z @pðxÞ
@x
_x ¼_zlðxÞðf ðxÞþg1ðxÞuþg2ðxÞdÞ
¼ lðxÞg2ðxÞðzþpðxÞdÞ ¼lðxÞg2ðxÞed ð45Þ
Therefore, if l(x) and the associated p(x) are chosen such that
Eq. (45) is globally exponentially stable for all xARn, the estima-
tion d^ðtÞ approaches real disturbance d(t) exponentially.
The design of a disturbance observer is essential to choose an
appropriate gain l(x) and associated p(x) such that the conver-
gence of estimation error is guaranteed. Thereby, there exists a
considerable degree of freedom. Since the disturbance input
matrix g2ðxÞ for the helicopter model is a constant matrix:
g2ðxÞ ¼
033 033
Gf 033
033 033
033 Gt
2
66664
3
77775 ð46Þ
where
Gf ¼ I33, Gt ¼
Llat Llon 0
Mlat Mlon 0
0 0 Nped
2
64
3
75 ð47Þ
we can choose l(x) as a constant matrix such that all the
eigenvalues of matrix lðxÞg2ðxÞ have negative real parts. Next,
integrating l(x) with respect to the helicopter state x yields
pðxÞ ¼ lðxÞx. The observer gain matrix l(x) corresponding to g2 is
designed in the form
lðxÞ ¼
033 L1 033 033
033 033 033 L2
" #
ð48Þ
where matrix L1 ¼ diagfl1,l2,l3g and
L2 ¼ diagfl4,l5,l6g
Llat Llon 0
Mlat Mlon 0
0 0 Nped
2
64
3
75
1
ð49Þfor li40, i¼ 1, . . . ,6. Thereby, lðxÞgðxÞ ¼diagfl1, . . . ,l6g. From
the above analysis, it can be seen that the convergence of the
disturbance observer is guaranteed regardless of the helicopter
state.
4.2. Composite controller
External force and torque disturbances generated by wind,
turbulence and other factors coupled with modelling errors and
uncertainties may signiﬁcantly degrade the helicopter tracking
performance. These factors may even cause instability unless
their inﬂuence has been properly taken into account in the system
design. In the previous derivation of ENMPC, the lumped dis-
turbances appear in the control law. Therefore, once the distur-
bance observer provides an estimate of the disturbances, the
ENMPC controller can take account of the disturbances by repla-
cing the disturbance by their estimated values which achieves the
desired tracking performance. Let d¼ ½df deT , df ¼ ½dx dy dz and
de ¼ ½dlat dlon dped. The composite controller law using the esti-
mated disturbances is given in
~u ¼Aðx,d^f Þ1ðKM^rþM^1Þ ð50Þ
where the hatted variables denote the estimated values. If
we consider trim errors in the helicopter dynamics, the overall
control is in
u¼ ~uu^0 ð51Þ
where u^0 ¼ ½d^lat d^lon 0 d^pedT is the control trim error estimated by
the disturbance observer. The composite controller structure is
illustrated in Fig. 3.5. Stability analysis
The stabilities of the ENMPC and the disturbance observer are
guaranteed in their design procedures outlined in Sections 3 and
4, respectively. However, the stability of the closed-loop system
still needs to be examined, because the true disturbances are
replaced by their estimates in the composite controller (51), and
there are interactions among the ENMPC, the disturbance obser-
ver and the helicopter dynamics.
The closed-loop dynamics under the composite control law
can be examined by applying Eq. (51) to the helicopter model (8).
Since the resulting system is too complicated, we deﬁne new
coordinates to describe the closed-loop system. First, let the
position tracking error be deﬁned as
z0p ¼ ½xw1 yw2 zw3T ð52Þ
then its ﬁrst derivative can be deﬁned as
_z0p ¼ z1p ¼ ½ _x _w1 _y _w2 _z _w3T ð53Þ
C. Liu et al. / Control Engineering Practice 20 (2012) 258–268264where the expressions of _x, _y and _z are given in Eq. (16). Since the
real disturbances are replaced by their estimates in the closed-
loop system, we deﬁne the next state as
z2p ¼R
d^x
d^y
Tþ d^z
2
664
3
775þ
0
0
g
2
64
3
75
€w1
€w2
€w3
2
64
3
75 ð54Þ
By following the same procedure as Eqs. (16) and (18), combining
Eqs. (53) and (54) gives _z1p ¼ z2pþR  edf . Similarly, z3p is deﬁned as
z3p ¼R  SkðOÞ
d^x
d^y
Tþ d^z
2
664
3
775þR
0
0
Zw _wþZcol _dcol
2
64
3
75 w

1
w

2
w

3
2
664
3
775 ð55Þ
From Eqs. (54) and (55) and recalling the observer dynamics (45),
it can be observed that
_z2p ¼ z3pR _edf ¼ z3pþRL1edf ð56Þ
By repeating this procedure, z4p is deﬁned from Eq. (23) using the
estimated disturbances, such that
_z3p ¼ z4pþR  SkðOÞ  L1edf ð57Þ
In addition, the heading tracking error and its derivatives are
deﬁned as z0c ¼cw4, z1c ¼ _c _w4, where _c is given in Eq. (17)
and z2c ¼ €c €w4, where €c is provided in Eq. (19).
Finally, by invoking Eq. (26) and the deﬁnitions of z4p and z
2
c,
we have
z4p
z2c
2
4
3
5¼ M^1þAðx,d^f Þðuþu0Þ
¼ M^1þAðx,d^f ÞðAðx,d^f Þ1ðKM^rþM^1Þu^0þu0Þ
¼KM^rþAðx,d^f Þeu0 ð58Þ
where eu0 ¼ u0u^0 and K has the form
K ¼
k11    k14 014 014 012
014 k21    k24 014 012
014 014 k31    k34 012
014 014 014 k41    k42
2
66664
3
77775 ð59Þ
By recalling the deﬁnition of M^r in Eq. (41), Eq. (58) can be
written as
_z3p
_z1c
2
4
3
5¼ K1z0pþK2z1pþK3z2pþK4z3p
k41z
0
cþk42z1c
2
4
3
5þ R  SkðOÞ  L1edf
0
 
þAðx,d^f Þeu0
ð60Þ
where Ki ¼ diagðk1i,k2i,k3iÞ, for i¼ 1;2,3;4.
Summarising Eqs. (52)–(60) gives a linear form of the closed-
loop system in the new coordinates:
_z0p
_z1p
_z2p
_z3p
_z0c
_z1c
2
6666666666664
3
7777777777775
¼
033 I3 033 033 0 0
033 033 I3 033 0 0
033 033 033 I3 0 0
K1 K2 K3 K4 0 0
013 013 013 013 1 0
013 013 013 013 k41 k41
2
6666666664
3
7777777775
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Az
z0p
z1p
z2p
z3p
z0c
z1c
2
666666666664
3
777777777775
|ﬄﬄ{zﬄﬄ}
z
þ
031
E1
E2
E3
011
E5
2
6666666664
3
7777777775
|ﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄ}
E
ð61Þ
or, compactly
_z ¼ AzzþE ð62Þwhere E1 ¼R  edf , E2 ¼R  L1edf , E3 ¼R  SkðOÞ  L1edf þAðx,d^f Þeu0
and E5 ¼ Aðx,d^f Þeu0 . All of these terms depend on the helicopter
states and estimation errors ed. Note that the system has trivial
zero dynamics as r1þr2þr3þr4 ¼ 14, which is the order of the
helicopter dynamics plus the dynamic extension.
System (61) can be classiﬁed as a cascade system:
_z ¼ f 1ðzÞþEðx,edÞed
_ed ¼ f 2ðedÞ ð63Þ
where the upper system is Eq. (61) and the lower system is the
observer dynamics (45).
When the estimation errors are zero, the upper system
_z ¼ f 1ðzÞ reduces to a linear system _z ¼ Azz. Its global asymptotic
stability can be guaranteed by the correct choice of the MPC gain
K such that Az is Hurwitz. In this case, it can be achieved by
setting the control order r42 (Chen et al., 2003). On the other
hand, the global asymptotic stability of the lower system is
guaranteed during the design of the disturbance observer by
letting li40, i¼ 1, . . . ,6. Therefore, the closed-loop system under
the composite control law has at least local asymptotic stability
(Isidori, 1995). We can extend the above result further by introdu-
cing the following lemma.
Lemma 1 (Panteley and Loria, 1998). If assumptions A1–A3 below
are satisﬁed then the cascaded system (63) is globally uniformly
asymptotically stable.A1. The system _z ¼ f 1ðzÞ is globally uniformly asymptotically stable
with a Lyapunov function V(z), V : Rn-R positive deﬁnite (that
is Vð0Þ ¼ 0 and VðzÞ40 for all za0) and proper which satisﬁes
@V
@z

JzJrc1VðxÞ, 8JzJZZ ð64Þ
where c140 and Z40.
A2. The function Eðx,edÞ satisﬁes
JEðx,edÞJra1ðJedJÞþa2ðJedJÞJzJ ð65Þ
where a1,a2 : R-R are continuous.A3. Equation _ed ¼ f 2ðedÞ is globally uniformly asymptotically stable
and for all tZt0Z 1
t0
JedðtÞJ dtrbðJedðt0ÞJÞ ð66Þ
where function b is a class K function.The rigorous proof of Lemma 1 is given in Panteley and Loria
(1998). The basic idea is ﬁrst to show that the upper system of the
cascade system does not escape to inﬁnite in a ﬁnite time and is
bounded for t4t0 with the condition that the input vector Eðx,edÞ
grows linearly and at the fastest in the state z. Then it needs to
show that as t-1, the estimation error ed-0 and z-0 due to
the global asymptotic stability of _z ¼ f 1ðzÞ.
Theorem 1. Given that the reference trajectory w, its ﬁrst ri
derivatives, and disturbance d are bounded, the closed-loop system
(58) under the composite control is globally asymptotically stable.
Proof. By using Lemma 1, for a closed-loop system (58) in the
cascade form (63), if assumptions A1–A3 are satisﬁed, the proof
will then be completed.
First, A1 is satisﬁed due to the fact that _z ¼ f 1ðzÞ ¼ Azz and Az is
Hurwitz. Next, we investigate the bounds on Eðx,edÞ in terms of JzJ
and JedJ. From their deﬁnitions, we have
JE1JrJedJ ð67Þ
JE2JrJL1JJedJ ð68Þ
Table 1
Controller design parameters.
Prediction horizon T 4 s
Control order r 4
Weighting matrix Q diagf1;1,1;1g
Observer gain L1 diagf10;10,10;10g
Observer gain L2 diagf20;20,20;20g
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Fig. 5. Tracking performance with uncertainties and constant wind.
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JE5JrJAð,ÞJJedJ ð70Þ
The skew-matrix x^ can be seen to consist of the nominal state
decided by the reference command and the error state, i.e.
x^ ¼ x^cþx^e. The former is bounded as the bounded comman-
d,and the latter is bounded by the tracking error JzJ. There-
fore,there exist two constants b140 and b240,such that
Jx^Jrb1þb2JzJ. Moreover, JAð,ÞJ depends linearly on d^ and
state T. Since to d is bounded and the disturbance observer is
globally exponentially stable, d^ is also bounded. On the other
hand,T is bounded according to Eq. (54). Hence,we have
JAð,ÞJrb3þb4JzJ,for some b340 and b440. Then the bound
on E3 can be written as JE3Jrb1JedJþb2JedJJzJ, for some b140
and b240. Lastly, following the same approach E5rb5JedJ, for
some b540 if the pitch angle ya7p=2. Combining bounds on
JEiJ, i¼ 1, . . . ,5 gives
JEJrJE1Jþ    þJE5J
rg1JedJþg2JedJJzJ ð71Þ
where g140 and g240. Thus, A2 is satisﬁed.
Finally, as the lower system _ed ¼ f 2ðedÞ is globally exponentially
stable, A3 is satisﬁed. &
6. Simulation and experiment
The simulation and experiment are based on a Trex-250
miniature helicopter which is a 200-sized helicopter with a main
rotor diameter of 460 mm and a trail rotor diameter of 108 mm.
Moreover, Trex-250 has a collective pitch rotor and well designed
Bell-Hiller stabilizer mechanism that makes it represent the most
of the widely used small-scale helicopters.
In the implementation of the proposed composite controller, not
only a reference trajectory is required, but the higher derivatives of
the reference trajectory with respect to time are also needed in the
prediction. To this end, a low-pass preﬁlter (72) is adopted to provide
the ﬁrst and second derivatives required in implementing the
proposed ENMPC as in Fig. 4 (Prasad, Calise, Pei, & Corban, 1999):
GðsÞ ¼ o
2
n
s2þ2zonsþo2n
ð72Þ
In addition, as the proposed controller is unconstrained, this low-
pass ﬁlter can smooth the command to prevent control saturation
under normal condition.
Numerical simulations are ﬁrst carried out to investigate the
proposed control framework, in which the design parameters are
given in Table 1. The simulation presented here assumes 20%
uncertainties on the model parameters. Moreover, there is a
constant wind disturbance with speed of 5 m/s acting on the
helicopter. Disturbance forces caused by the wind are calculated
using velocity damping coefﬁcients Xu and Yv, such that dx ¼ Xudu
and dy ¼ Yvdv, where du and dv are wind components along the
helicopter axes. The helicopter is required to track a squareFig. 4. Command preﬁlter.trajectory under the control of the original ENMPC, an ENMPC
with an integral action and the composite ENMPC with DOBC. The
tracking results are illustrated in Fig. 5.
It can be seen that the ENMPC is able to deal with the
uncertainties and achieve trajectory tracking, but it cannot
compensate for the steady state error mainly caused by the wind
disturbance. In contrast, the ENMPC with integral action cancels
the steady state error, but it has side-effects like overshoot and
aggressive control. Obviously, the ENMPC augmented by DOBC
outperforms the other two control strategies to a large extent in
delivering accurate tracking.
Several ﬂight tests have been designed to investigate the
control performance of the proposed scheme on a real helicopter.
The ﬁrst test presented here is a hovering and perturbation test.
The helicopter was required to take-off and hover at the origin at
a height of 0.5 m. A wind perturbation was then applied to the
helicopter by placing a fan in front of the helicopter (see Fig. 6).
The test result is given in Fig. 7. In the test, the helicopter was
ﬁrst under the control of the ENMPC to perform take-off and
hovering. It can be seen that the ENMPC stabilised the helicopter
but with a steady state error due to the mismatch between the
model used for ENMPC design and the real helicopter dynamics.
After 25 s, the disturbance observer switched on and the compo-
site controller took action to bring the helicopter to the setpoint.
After 60 s, the fan was turned on to generate the wind gust. The
average wind speed is about 3 m/s, which is signiﬁcant for our
test helicopter with its small dimensions. This can be observed
from the attitude history in Fig. 8, where the magnitude of pitch
and roll angles of the helicopter surged after wind gust has been
applied. However, the composite controller exhibited excellent
performance under the wind gust and maintained the helicopter
position very well. The force disturbances estimated by the
disturbance observer are given in Fig. 9, and the control signals
are illustrated in Fig. 10.
It is also interesting to see where the disturbances come from
without an external wind gust, and this will also explain why the
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Fig. 8. Helicopter attitude.
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Fig. 6. Hovering and perturbation test.
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Fig. 10. Control signals.
C. Liu et al. / Control Engineering Practice 20 (2012) 258–268266ENMPC based on the nominal model cannot achieve asymptotic
tracking if the helicopter is not trimmed properly. By recalling the
helicopter dynamics model (1b) and considering the steady-statemodel, we have
0¼g sin y0þdx
0¼ g cos y0 sin f0þdy ð73Þ
where f0 and y0 are the trim attitude depending on the particular
helicopter. The trim attitude may be attributed to the asymme-
trical structure and model uncertainties. Their values are small
and usually can be ignored in the theoretical analysis, but they do
affect the actual control performance as they project a vertical lift
in the longitudinal and lateral directions. This phenomena can be
further explained by carefully examining the measurements from
the ﬂight test. Observing the attitude measurement in Fig. 8
reveals that the average roll and pitch angles are about 0.01 rad,
which contribute 0.1 m/s2 and 0.1 m/s2 to dx and dy respectively
according to Eq. (73). The estimated d^x and d^y from observer are
very close to our rough calculation. This quantitative analysis
gives good conﬁdence on the proposed disturbance observer.
Whereas the conventional MPC is restricted to a low control
bandwidth, the high bandwidth that the ENMPC can reach makes
it a suitable candidate for controlling helicopter performing
acrobatic manoeuvres. In the second ﬂight test, the helicopter
was controlled to perform a pirouette manoeuvre, in which the
helicopter started from the hovering position and ﬂew along a
straight line while pirouetting at a yaw rate of 1201/s. This is an
extremely challenging ﬂight pattern, because the lateral and
longitudinal controls are strongly coupled by the rotation,
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Fig. 12. Control signals.
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Fig. 11. Pirouette manoeuvre results.
C. Liu et al. / Control Engineering Practice 20 (2012) 258–268 267and they have to be coordinated to achieve a straight progress.
Also, the varying position of the tail rotor with respect to the
progress direction poses severe disturbances on the forward
ﬂight. The result from the ﬂight test is shown in Fig. 11 and the
control signals are provided in Fig. 12. It can be seen that the
helicopter under the control of ENMPC executed the manoeuvre
with a high quality.7. Conclusions
This paper describes a composite control framework for trajec-
tory tracking of autonomous helicopters. The nonlinear tracking
control is achieved by an explicit MPC algorithm, which eliminates
the computationally intensive online optimisation in traditional
MPC. The introduction of a disturbance observer solves the difﬁcul-
ties of applying the model based control technique in a practical
environment. The design of the ENMPC provides a seamless way of
integrating the disturbance information provided by the disturbance
observer. In turn, the robustness and disturbance attenuation of the
ENMPC are enhanced by the DOBC. In addition, the global asympto-
tic stability of the proposed composite control is established.
Simulation and experimental results show the promising
performance of the combination of ENMPC and DOBC. Apart from
the reliable and accurate tracking that the proposed controller
guarantees, it also has the ability of estimating the helicopter trimcondition during the ﬂight which helps the controller to deal with
the variation of the helicopter status like payload changing.Acknowledgement
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